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Introduction

We have seen a model that describes the discovery of entirely new
ideas by researchers at the frontier.

We have seen in the case of Korea, that much more rapid
technological growth is possible for a country far away from the
frontier.

However, even in the case of Korea, we have seen that it did not fully
converge.

It is reasonable to think that implementing an already existing idea is
simpler than discovering it anew.

However, given large TFP differences in the cross-section,
convergence taking decades, and convergence often not being
complete, implementation cannot be frictionless.
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TFP growth
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(b) Brazil
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(c) Botswana
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(d) China
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A model of technological adoption

We use the insights from the Romer model and assume output uses
differentiated capital goods:

Y (t) = L(t)1−α
∫ h(t)

0
xj(t)

αdj . (1)

Here, h(t) is the measure of capital goods that the country knows how to
use in period t. This may be different from the technological frontier A(t).
For example, the U.S. may know how to produce mRNA vaccines but
China does not.
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Rewriting the production function

As in the Romer model, each unit of capital goods needs to be produced
using a unit of the aggregate available aggregate capital stock:∫ h(t)

0
xj(t)dj = K (t). (2)

Moreover, each unit is used in the same proportion:

xj(t) = x(t) =
K (t)

h(t)
. (3)

Substituting into the production function:

Y (t) = L(t)1−αh(t)x(t)α (4)

Y (t) = (L(t)h(t))1−α K (t)α. (5)
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Household income

There is no research sector, instead all labor works in the production
sector. The wage and the rental price of capital are

w(t) =
∂Y (t)

∂L(t)
= 1− α

Y (t)

L(t)
(6)

r(t) =
∂Y (t)

∂K (t)
= α

Y (t)

K (t)
. (7)

Hence, we have again for household income that

Ỹ (t) = w(t)L(t) + r(t)K (t) = Y (t). (8)
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Accumulation of factors of production

The household sector, as before, accumulates the aggregate capital stock :

K̇ (t) = sY (t)− δK (t), (9)

The population grows at rate n:

L̇(t) = nL(t). (10)
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Skill accumulation

Key to the model is the accumulation of the skill level h. Skills evolve over
time according to

ḣ(t) = µ exp(ψu)A(t)γh(t)1−γ (11)

As in the model of human capital accumulation, u measures the time
people spend learning new skills. This may be explicit research
activity or learning-by-doing.

The current level of skills makes it easier to learn new skills, i.e.,
γ < 1.

A further developed technological frontier makes it easier to lean new
skills, i.e, γ > 0.
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Rewrite in growth rates

ḣ(t)

h(t)
= µ exp(ψu)

(
A(t)

h(t)

)γ
(12)

The speed of adoption depends on the distance to the technological
frontier. When that distance is large, A

h is large, skill accumulation growth
is fast. I.e., it is easier to copy technologies that are already in use for a
long time. Finally, we assume that the frontier grows according to

Ȧ(t)

A(t)
= g . (13)
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Skills as an externality

In the Solow model, we considered on particular type of skill: education.
Using a neo-classical approach, we quantified the contribution of
educational attainment by looking at wage differences across skills. The
present model highlights why this may be misleading:

Y (t) = L(t)1−α
∫ h(t)

0
xj(t)

αdj . (14)

Improving skills, ḣ(t), improves the productivity of all capital goods
[0, h(t)− ḣ(t)], i.e., new skills create a positive externality. In fact, if you
think about workers of different skills operating different capital goods on
the interval [0, h(t)], the model is an extreme version where wages are
equalized across skill groups.
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Steady state

Given the production function, we know already that the capital-to-output
ratio solves for:

z∗ =

(
K (t)

Y (t)

)∗
=

s

n + gh(t) + δ
, (15)

which has a steady state if gh(t) = gh, a constant, in steady state.
Hence, in steady state, output per worker is(

Y (t)

L(t)

)∗
=

(
s

n + gh(t) + δ

) α
1−α

h(t). (16)

Next, we derive gh and h(t).
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Growth in steady state

For the growth rate of skills

ḣ(t)

h(t)
= µ exp(ψu)

(
A(t)

h(t)

)γ
(17)

to be constant, we directly see that A(t)
h(t) needs to be constant, i.e., gh = g .
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Output per worker growth in steady state

Going back to the equation for output per worker:(
Y (t)

L(t)

)∗
=

(
s

n + gh(t) + δ

) α
1−α

h(t) (18)

Here, h(t) is the only time-varying variable. We know its steady state
growth rate is g and, hence, we know that output per worker also grows at
rate g in steady state.
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The distance to the frontier in steady state

ḣ(t)

h(t)
= µ exp(ψu)

(
A(t)

h(t)

)γ
(19)

g = µ exp(ψu)

(
A(t)

h(t)

)γ
(20)

h(t)

A(t)
=

(
µ exp(ψu)

g

) 1
γ

. (21)

An environment more conducive to skill accumulation pushes the economy
closer to the technological frontier. However, the economy can be
permanently below the technological frontier.
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Obtaining h(t)

To obtain the level of skills, we need to solve the differential equation of
skill accumulation:

ḣ(t) = µ exp(ψu)A(t)γh(t)1−γ , (22)

One can show that this solves for

h(t) =

(
h(0)γ +

1

g
µ exp(ψu)A(0)γ [exp(γgt)− 1]

) 1
γ

(23)
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The level of h(t)

h(t) =

(
h(0)γ +

1

g
µ exp(ψu)A(0)γ [exp(γgt)− 1]

) 1
γ

(24)

A higher initial skill level increases skills today.

A higher initial level of the of technology in the rest of the world
increases skills.

A higher growth rate at the frontier increases the skill level.

A more conducive skill accumulation environment increases the skill
level.
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Output per worker in steady state

(
Y (t)

L(t)

)∗
=

(
s

n + gh + δ

) α
1−α

(
h(0)γ +

1

g
µ exp(ψu)A(0)γ [exp(γgt)− 1]

) 1
γ

(25)

Higher capital to output ratio leads to higher output per worker.
Hence, for a developing economy, population growth decreases output
per worker unambiguously as it no longer affects A(t).

The model provides a reason why skills lead to higher output per
worker. Skills do not make workers more productive in the abstract,
they make them more productive by allowing them to use more
capital goods.

Pushing out the technological frontier benefits all countries as they
can copy those new ideas over time.
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Skill accumulation outside the steady state

We can use the solution for the level of skills to solve for the transition
dynamics:

ḣ(t)

h(t)
= µ exp(ψu)

(
A(t)

h(t)

)γ
(26)

h(t) =

(
h(0)γ +

1

g
µ exp(ψu)A(0)γ [exp(γgt)− 1]

) 1
γ

(27)

Combining the equations and rewriting:

ḣ(t)

h(t)
= µ exp(ψu)

A(t)γ

h(0)γ + 1
g µ exp(ψu)A(t)

γ − 1
g µ exp(ψu)A(0)

γ
(28)

= g
µ exp(ψu)A(t)γ

h(0)γg + µ exp(ψu)A(t)γ − µ exp(ψu)A(0)γ
(29)
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Skill accumulation outside the steady state II

ḣ(t)

h(t)
=

g

1 +
(

h(0)
A(t)

)γ
g

µ exp(ψu) −
(
A(0)
A(t)

)γ (30)

When starting in steady state: h(0)
A(0) =

(
µ exp(ψu)

g

)1/γ
and

A(0) = A(t), ḣ(t)
h(t) = g .

The lower h(0)
A(0) is relative to its steady state, the faster is the initial

growth rate.

As time passes, A(t) grows and ḣ(t)
h(t) 7→ g .

For any h(0),A(0), increasing µ, ψ, u, or g increases ḣ(t)
h(t) .
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Transition dynamics for output per worker

As before, let us write output as a function of the capital to output ratio

Y (t) = h(t)L(t)

(
K (t)

Y (t)

) α
1−α

(31)

y(t) = h(t)

(
K (t)

Y (t)

) α
1−α

(32)

ẏ(t)

y(t)
=

ḣ(t)

h(t)
+

α

1− α

ż(t)

z(t)
(33)

with

ż(t)

z(t)
= (1− α)

s

z(t)
− (1− α)

(
n +

ḣ(t)

h(t)
+ δ

)
. (34)
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Transition dynamics for output per worker II

ẏ(t)

y(t)
=

ḣ(t)

h(t)
+ α

[
s

z(t)
−

(
n +

ḣ(t)

h(t)
+ δ

)]
. (35)

Similar to the Romer model, a temporary increase in ḣ(t)
h(t) increases the

growth rate of y(t) but it increases it initially by less than the increase in
ḣ(t)
h(t) because the capital to output ratio declines initially.
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Transition dynamics in the data

(a) Korea
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(b) Brazil
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(c) Botswana
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(d) China
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Knowledge spillover and trade
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Knowledge spillover and trade

So far, we assume that the technological frontier is available to all
countries. However, there are good reasons to believe that trade is
important for new technologies becoming available to countries:

A famous example is China severely restricting trade in the 14th
century which coincides with its downfall as technological leader.

The trade embargo on modern Iran coincides with Iran losing in terms
of output per worker.

FDI into China was an important source of technological adoption.

Patenting may assures that recent inventions can only be bought
from aboard.
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The data suggests that a link exists
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The data suggests that a link exists II

Source: López and de Blas Pérez (2018)
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Changing the production function

Assume h capital goods are produced at home and m are imported:

Y (t) = L(t)1−α
∫ h(t)+m

0
xj(t)

αdj . (36)
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Home production and trade

A country produces z(t) units of each home-based capital good and,
hence,

z(t)h(t) = K (t). (37)

Again, a country wishes to use the same amount of each capital good,
both home-produced and foreign. Let this be x(t) < z(t). Thus, the
country keeps only x(t)h(t) of these goods and buys x(t)m of the
imported goods. Hence, balanced trade implies:

x(t)m = K (t)− x(t)h(t) (38)

K (t) = x(t)[m + h(t)]. (39)
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Rewriting the production function

Equal input usage implies

Y (t) = L(t)1−α
∫ h(t)+m

0
xj(t)

αdj (40)

Y (t) = L(t)1−α(h(t) +m)x(t)α. (41)

Using the trade balance:

Y (t) = L(t)1−α(h(t) +m)

(
K (t)

m + h(t)

)α
(42)

Y (t) = ([m + h(t)]L(t))1−α K (t)α (43)

Y (t) = K (t)α (h(t)L(t))1−α
[
1 +

m

h(t)

]1−α
(44)
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Steady state

Define N(t) = h(t) +m(t) and consider again the growth rate of the
capital-to-output ratio, and the capital accumulation equation:

z(t) =
K (t)1−α

(N(t)L(t))1−α
(45)

ż(t)

z(t)
= 1− α

K̇ (t)

K (t)
− 1− α

(
n +

Ṅ(t)

N(t)

)
(46)

ż(t)

z(t)
=

s

z(t)
− δ. (47)

Combining the equations and assuming that a steady state exists:

n +
Ṅ(t)

N(t)
=

s

z∗
− δ (48)

Felix Wellschmied (UC3M) Technological adoption 2024 30 / 36



Steady state II

z∗ =
s

n + Ṅ(t)
N(t) + δ

, (49)

which is constant if Ṅ(t)
N(t) = gN(t) is constant. One can show, that, in

steady state, gN(t) = g , i.e., a constant.
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Output per worker in steady state

From the production function:

Y (t)1−α =

(
K (t)

Y (t)

)α
([h(t) +m]L(t))1−α (50)

Y (t) =

(
K (t)

Y (t)

) α
1−α

[h(t) +m]L(t) (51)

(52)

In steady state:

Y (t)∗ =

(
s

n + g + δ

) α
1−α

[h(t) +m]L(t) (53)

y(t)∗ =

(
s

n + g + δ

) α
1−α

[h(t) +m] (54)
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The steady state II

y(t)∗ =

(
s

n + g + δ

) α
1−α

[h(t) +m(t)] (55)

(56)

Income per worker is increasing in the number of imported varieties of
capital goods. Trade makes us richer as it allows us access to capital
goods currently not produced in our country.
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Trade and human capital accumulation

y(t)∗ =

(
s

n + g + δ

) α
1−α

[h(t) +m] (57)

Trade can be a substitute for skills. By selling “unsophisticated”
capital goods, the country can gain access to more advanced capital
goods. Note, the implications would be somewhat different in a
Schumpeterian model.

China is a good example. By foreign countries bringing their
technologies with them and using an uneducated Chinese workforce,
output was able to grow at tremendous rates.
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Back to our three big questions

1 Why are we so rich and they so poor?

Different saving rates, population growth rates, technologies for idea
adoption, skill levels, and trade openness.

2 Why are there growth miracles?

Rapid accumulation of physical capital or ideas.

3 What are the engines of long run economic growth?

Skill accumulation.
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